STAT COE-Report-11-2020

An Introduction to Mixture Designs

Authored by: Cory Natoli

25 August 2020

The goal of the STAT COE is to assist in developing rigorous, defensible test
strategies to more effectively quantify and characterize system performance
and provide information that reduces risk. This and other COE products are
available at www.afit.edu/STAT.

STAT Center of Excellence
2950 Hobson Way — Wright-Patterson AFB, OH 45433


http://www.afit.edu/STAT

STAT COE-Report-11-2020

Table of Contents

EXECUTIVE SUMIMIAIY cciiiiiiiiiiiiiitiitietetetetete ettt a et ae e ae e eesaeeeete e e eeeeeeeaeaeeeeeeeeeeeeeeeaeaeeeesaeasaseeesesnsnsnsnnns 2
T agoTe [¥To 4T} o HUU T TP U PO POROPRTOP 2
2ol €= o TU T o SRR 3
IMEEENOM ...ttt e bt e s h e she e s et et e bt e bt e b e e he e e ae e e et e et e et e bt e nheenanesaneeaneeane 4
SIMPIEX-1attICE HESIBNS. .. utiieiiciiie ettt e e et a e e e et ta e e e seateeeesastaeeesastaeeesasteeeesnnseeeeanns 4
(oo 1Y e o 1T Y IV Yo =Y USSP 5
SIMPIEX CENTIOIA DESIEN ..vveeeiieiiiei ittt ettt e sttt e sttt e e s stte e e ssataeeessataeeesastaeessasbeeessastaeessasseeessasseeessaseeeenns 6
AUEMENTING SIMPIEX DESIZNS ....eviiiiiiiiiie ittt e st e e s st e e s sbbeeesssaeeessnsaeeesansseeesnsseeess 7
(0] oY a1 0 =1 e [T T o [P PUPPPPNS 9
Yo E ol 1 1Yo [T T o TR 10
(60] 3T (V11 o T DTS VRO PRUPRRRPRRRPPR 10
JIMP DEMO WIth @NAIYSIS coineeiiiiiiiiiee ettt et e et e e e et e e e e tb e e e s ebaeeeeesaeeeeeasaeeeeansseeeeannneens 11

RETEIENCES ettt e ettt e e e e et ettt eeeeeee et aa b s eee s et s aaaasseses et sasaassssssesesssannnsenasens 17



STAT COE-Report-11-2020

Executive Summary

Mixture experiments present a unique test region that requires special consideration when designing
experiments. These designs focus on a blending of components that cannot be altered independently.
This results in a constrained design region that differs from more traditional design options. Therefore, a
number of design options exist to best sample from this space. This paper will discuss simplex-lattice
designs, simplex-centroid designs, optimal mixture designs, and space-filling mixture designs. The
different polynomials that can be fit using these designs will be discussed. Additionally, a JMP
demonstration on creating these designs and analyzing the data will be shown.

Keywords: Mixture experiments, Constrained, Simplex, Optimal, Space Filling, IMP

Introduction

A common, but often overlooked, experiment is one that involves a mixture of ingredients to form a
solution. Mixture experiments are special types of response surface experiments, and in these
experiments, the goal is to determine if there is a blend of ingredients that produces a more optimal
response (whether this is to maximize or minimize some property). In Experiments with Mixtures,
Designs, Models, and the Analysis of Mixture Data, Cornell states that the goals of these experiments is
to “try to model the dependence of the response variable ... on the relative proportions of the
components with some form of mathematical equation so that:

1) The influence on the response of each component singly and in combination with the other
components can be measured. If this is done successfully, those components having the
least effect or felt to be less active might be “screened” out, leaving us with only those
components having the greatest effect on the response.

2) Predictions of the response to any mixture or combination of the components proportions
can be made

3) Mixtures or blends of the components that yield desirable values of the response can be
identified”

One such example of this would be in a mixture of gunpowder. Gunpowder is made up of three
ingredients; sulfur, charcoal, and potassium nitrate. An experimenter might be interested in what
combination of these ingredients produces the most force upon ignition. The amount of gunpowder in a
given bullet is predetermined, but the proportion of the ingredients to be used can be adjusted. This
created a constrained region as changing the amount of one factor level automatically affects the values
of the other factors in the design. The constraint that the proportions all of the ingredients must add up
to 100% creates a unique design region that differs from classical design settings. The additional mixture
constraint is as follows:

q

in=x1+-~+xq =1,

i=1
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where q represents the number of ingredients in the system under study and the proportion of the i"
ingredient in the mixture is denoted by x;. In order to understand the relationship between ingredients,
there are several techniques that can be used. Some techniques, such as trial and error or procedures
using a large number of combinations, lack rigor and can be quite costly. More efficient designs can be
utilized in order to understand the overall system performance as ingredient amounts change. This
paper will explore the effects of a constrained design region and several techniques that provide useful
results.

Background

In order to understand the basic concept of mixture designs and their analysis, we use the original
mixture problem example from Cornell (2002) regarding the effect of blending fuels on mileage.
Consider only two gasoline stocks, which we label fuels A and B. Assume that the response of interest is
the mileage obtained by driving a test car with the fuel, where the mileage is recorded in units of the
average number of miles traveled per gallon. Suppose we know that fuel A normally yields 13 miles per
gallon (MPG) and fuel B normally yields 7 miles per gallon. These are examples of pure mixtures, blends
containing 100% of a single ingredient. We might assume that with a gallon of each, we would average
13+7=20 miles on 2 gallons, which is 10 miles per gallon. This is an example of a binary mixture, a blend
made up of fractions of only two ingredients. However, it is possible that a blended mixture might
produce a value higher or lower than expected based off the assumption of the two fuel types
contributing equally. The question we wish to test is, “If we combine or blend the two fuels and drive
the same test car, is there a blend of A and B such as 50:50 blend or a 33:67 blend of A:B that yields a
higher average number of miles per gallon than the 10 miles per gallon of averaging the two?” The data
from an experiment using a mixture of 50% of each fuel type can be seen in Table 1.

Table 1: “Average Mileage for Each of Five Trials” from Cornell, 2002

Trial Mileage from Two Gallons of Average Mileage per Gallon
50%:50% Blended Fuel

1 24.6 12.30
2 23.3 11.65
3 24.3 12.15
4 23.1 11.55
5 24.7 12.35

Overall Average 12.00

If the blend is strictly additive, then we would expect an average of 10 miles per gallon, but we are
interested in determining if this assumption holds true or not. We can then plot the expected results
given our prior knowledge (that 100% of A is 13 MPG, 100% of B is 7 MPG, and a 50%:50% blend is 10
MPG). The assumption we are making is a linear relationship. Additionally, we can use the information
from our experiment to update the line and see what our new predictions would be. Perhaps the
relationship is not linear and we can observe this in our updated line. For this data, we would then plot
100% of A is 13 MPG, 100% of B is 7 MPG, and a 50%:50% blend is 12 MPG (as seen in the data). This
graph can be seen in Figure 1.
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Figure 1: “Plotting the mileage of the 50%:50% blend of fuels A and B. The formula for the additive
blending line is mileage = [(13 miles * A) + (7 miles * B)] / 100%” recreated from Cornell, 2002

Since the blend produces a higher MPG than the expected 10 MPG, A and B are complementary to each
other when blended. That is, the two fuel types cause a higher than expected resulted and combining
the two results in more favorable results. This example shows the overall process of how to conduct a
mixture experiment. However, a key step in planning a mixture experiment is determining what design

to use to ensure the right data is collected.

Method

Mixture experiments present several unique challenges for designing an appropriate test. The test
region is highly constrained, and it is not possible to change the levels of one factor independently of the
others. A classical design such as a full factorial design will not yield the results that are needed to
analyze these mixtures. Instead, several designs that will be discussed in the paper are simplex-lattice
designs, simplex-centroid designs, optimal mixture designs, and space filling mixture designs, which if
used appropriately, can overcome the challenges.

Simplex-lattice designs

These designs were introduced by Scheffé (1958-1965) and are credited with being the foundation for
designed experiments for mixtures. The simplex-lattice design selects points spread evenly over the
factor space. They are defined to support a polynomial model of degree m in g components over the
lattice. This is denoted as a {q,m} simplex-lattice. Thus, g=2 is a line, q=3 is an equilateral triangle, and
g=4 is a tetrahedron. The coordinate system is called the simplex coordinate system. We will have m+1
equally spaced values from 0 to 1 on each axis such that:

, -, 1 where x; are the sampled points of each factor

2
XL':O, E

)
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These designs sample all possible combinations of the components where the proportions for each are
used. For example, for a {3,2} design:

( )—(100)(010)(001)(11 o) (1 01) (01 1)
leXZJx3 - "y ) 4 ) "y ) 212) ) 2, ;2 ) )2 )2
Note, there are no complete mixtures, blends made up of all the ingredients, in this design. For this

reason, axial points can be augmented onto these designs to have a complete mixture represented, a
design that will be discussed later. Several other examples of these designs can be seen in Figure 2.

() 0)  qoq
x1=1

¥1=213, 23=12,x2=0
¥x1=x3=12x2=0

®x2=1 *1=0 =x3=0 %2 =1 x*3=1
A 3.2] lattice A {3, 3] lattice
_ x1=1
() x1=1 =

o x4 =1 x4 =1

%3 =1 ®x3=1 .
A 4,20 lattice A {4,3) lattice

Figure 2: “Simplex lattice designs for q=3 and q=4 components” recreated from Cornell, 2002.

If we look at the difference between the {3,2} and {3,3} lattice, we notice that there are an increased
number of points along the axis. There are only 3 points on the {3,2} lattice where there are 4 points on
the {3,3} lattice. Additionally, the {3,3} lattice includes and axial point in the center of the region.

Polynomial Model

In mixture experiments, the factors all sum to a constant (an added dependence) so a traditional full
model will not be estimable. In other words, since we added a constraint to our design, we will no longer
be able to fit the models traditionally used. Therefore, the Scheffé polynomial models, also called
canonical polynomials, are used. This model estimates one less term by removing the intercept from the
model. The model includes all linear main-effect terms and the two-factor interaction terms, but does
not include squared terms. The models can be seen in Figure 3.

q
Linear: E[y] = ZB,-x,-
i=1

Page 5



STAT COE-Report-11-2020

Quadratic: E[y] = Z Bix; + Z Z Bijxix;

i<j j=
Full Cubic: E[y] = Z Bix; + Z z Bijxix; + Z z Sixixj(x; — x;) + z Z Z BijiXxiXjXy
i<j j= i<j j= i<j j<k k=3
Special Cubic: E[y] = Z Bix; + Z Z Bijxix; + Z Z Z Bijkxixjxy
i<j j= i<j j<k k=3

Figure 3: Canonical Polynomials, notation from Cornell 2002

Each B; is the expected response for the pure mixture x;=1, x;=0, j#I and is the height of the mixture
surface at the vertex x; = 1. The amount of each polynomial given by Z;’:lﬁixi is called the linear
blending portion. The linear canonical polynomial is appropriate when the blending is strictly additive.
The quadratic blending, also referred to as synergism as the blending is non-linear, is often necessary
when the linear relationship is not sufficient. Positive values of B;; represent synergistic blending where
negative values represent antagonistic blending. The cubic model can be used to account for both
synergistic and antagonistic blending across a single edge. This is represented by the §;; terms. The §
terms represent the quadratic effects and are incredibly useful when the blends are not strictly
complementary to one another. These two effects can be seen in figure 4. The B;j; terms account for

ternary blending among three separate components in the interior of the design.

(a) (b)
3
! . A 1
a3
L L 1 1 1 } T2 o
xl=1 075 5 025 0 ®*1=1 gy5 5 025 @
x2=0 025 5 075 1 x2=0 025 5 075 1

Figure 4: “Nonlinear blending. (a) Quadratic blending with f;; > 0. (b) Cubic blending with §,, > 0”
recreated from Myers et al., 2016.

Simplex Centroid Design

Prediction in the middle of the model would be difficult or risky using a simplex-lattice design since
those designs do not contain test points in the center of the design region. The simplex centroid design
attempts to correct for this by introducing a center point to the design. A simplex centroid design of g
components is composed of pure mixture runs, all combinations of 2 to the k factors at equal levels, and
a center point run with equal amounts of all ingredients. Therefore, the design will consist of 29 — 1
distinct design points. Figure 5 shows an example for g=3 and q=4.

Page 6



STAT COE-Report-11-2020

() =1 =1

wl=x2=xd =173 Wl=xd=x3=xd =12

¥1=x4=172
¥M=x3=
¥ =113

xd =1

¥1=x2=12
¥=x2=x3=113

Figure 5: “Simplex-centroid designs with three and four components. (a) q=3. (b) g=4" recreated from
Myers, et al 2016.

This design allows for a polynomial of the form:

q q q
Ely] = Z Bix; + Z Z Bijxixj + Z Z Z BijiXiXjXy + - P12..qX1X2 . Xg
i=1

i<j j=2 i<j j<k k=3

Note that when q =3, this is the same as the special cubic polynomial (as seen in figure 3). Since the
cubic model is the natural result of these designs, they are incredibly powerful if the experimenter
suspects there are cubic terms in the final model.

Augmenting Simplex Designs

The simplex designs that have been discussed place all of the design points, with the exception of the
centroid, on the boundary of the simplex. This means that almost all of the points represent either a
pure blend or a binary blend. We only have a single point (if a centroid is included) that gives
information about a complete mixture. Since there is often a desire to understand the performance of
complete mixtures, augmenting the simplex designs with axial runs and the overall centroid can be a
powerful tool.

The axis of component i is defined as the line or ray extending from the base point x; = 0,x; = o for

all j#i to the opposite vertex where x; = 1,x; = 0 for all j#i. That is, this line connects the corner points

to the midpoints of the opposite plane. This can be seen in Figure 6.
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x1=1 ¥1=0 ¥1=1

Figure 6: “The axes for components x1, x5, and x3” recreated from Myers, et al 2016.

In the image above, the axial points are positioned along the component axes a distance of A from the
centroid. Myers, et al. (2016) recommend that axial runs be placed midway between the centroid of the

. -1 . .
simplex and each vertex such that A = qz—q. These points are also referred to as axial check blends as

axial runs are often used to check the adequacy of the fit of an initial model. Figure 7 shows an example
of a {3,2} simplex-lattice design augmented with axial runs (total of 10 runs in the design).

x1=1

¥l =x2=x3=1/3 ¥1 =213, x2=x3=16

¥1=%3=1/6x2=2/3
¥1=x2 =106 x3 =213

=1 ¥ =1

Figure 7: “An augmented simplex-lattice design” recreated from Myers, et al 2016.

This design is comparable to Figure 2(b) that contains the {3,3} simplex lattice. Both of these designs
have 10 points, but this augmented simplex-lattice design has 4 complete mixture points while trading
off 3 binary points. This tradeoff is something to consider when assessing the objectives of a test. These
designs are commonly used for screening experiments or when component effects are of interest.
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Optimal designs

Optimal designs for mixture models can use the same criterion as traditional optimal designs, the most
common being D and | optimal. For more information on these criteria see Myers, et al. (2016). Note
that the optimal design for a first order model is a pure mixture only design, for a second order model it
is a simplex-lattice design, and for a cubic model it is a simplex-centroid design. Optimal designs
however allow us to specify exactly what model we wish to build and construct a desigh most optimal
given the number of runs allotted. This is also useful when we have an unusual number of runs and
cannot use one of the traditional designs. Additionally, Goos and Jones (2011) note that ingredients
used in mixture experiments are often mixtures themselves. This introduces additional constraints on
the design as the lower and upper bound of the proportion of an ingredient is no longer 0 to 1. The
example presented by Goos and Jones has three ingredients in a mixture. However, the proportions
(aq, a,, az) do not all have the same ranges. Instead:

Figure 8: “Optimal design for a second-order Scheffé model in three ingredients in the presence of
lower bounds on the ingredient proportions” recreated from Goos and Jones 2011.

The design choice is still the same, however this is in an increasingly constrained region. We must now
define pseudo-components, the more specific components that make up the a; components, as:
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al-—LL-

=—q
1—- 2., Li

Xi

where L; is the lower bound for proportion a;. Now, the design is more realistic as the pseudo-
components will take on values from 0 to 1 but the a; components will not. For example, a run in which
xy =1land x, = x3 =0, thena; =.8,a, =.2,and az; =0

Space filling designs

Space filling designs attempt to do as their name suggests; fill the entire space. These designs spread the
points throughout the design region. Within JMP statistical software, there are two different optimality
criteria that can be used. These two methods are MaxPro and Centroid, which are both Fast Flexible
Filling design criteria. Let p be the number of factors and n be the specified sample size. The MaxPro
criterion attempts to find points in clusters that minimize the following:

n-1 n
Cuasrro = ), ),
MaxPro szl(xik _ xjk)z

T j=it1

“The MaxPro criterion maximizes the product of the distances between potential design points in a way
that involves all factors” (JMP). These designs maximize the space-filling properties on projections to all
possible subsets of factors. The centroid method differs by placing a design point at the centroid of each
cluster. “It has the property that the average distance from an arbitrary point in the design space to its
closest neighboring design point is smaller than for other designs” (JMP). For more information see
Hanson (2008).

Conclusion

Mixture experiments are a common test that presents a unique statistical problem. The constrained
design region and the inability to change a single factor at a time requires a special type of design.
Several designs discussed are the simplex-lattice designs, simplex-centroid designs, optimal mixture
designs, and space filling mixture designs. Each of these designs can be used depending on the objective
of the test. Additionally, the polynomial that we wish to fit will help determine what type of design is
best. Mixture designs can be a very powerful solution to a common experimental need and are
applicable within the Department of Defense. Many research labs work with complex chemical solutions
and these designs can be used to optimize the levels of each ingredient in the solution. Additionally, any
textile that is a combination of several different materials can utilize these designs for testing different
properties such as breaking strength. Mixture designs allow for a more efficient and effective test.
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JMP Demo with analysis

This example comes from Cornell, 2002. Three constituents- polyethylene (x;), polystyrene (x,), and
polypropylene (x3) were blended together and the resulting fiber material was spun to form yarn for
draperies. A {3,2} simplex lattice design was used. The values of thread elongation in kilograms of force
are measured and shown in the table below.

Observed Yarn Elongation Values

e Component Proportions Observed Average
Point X4 X X5 Elongation Values (y,)  Elongation Value (y)
1 1 0 0 11.0, 12 4 117
2 1/2 1/2 0 15.0,14.8, 16.1 15.3
3 0 1 0 88,100 9.4
4 0 1/2 1/2 100,97, 118 105
3 0 0 1 16.8, 16.0 16.4
6 0 0 1/2 17.7,16.4, 16.6 16.9

To create this design in JMP:

1. Open a New Data table
2. Select “DOE -> Classical -> Mixture Design”

E¥l Untitled 7 - IMP Pro —
File Edit Tables Rows Cols Analyze Graph Tools Add-Ins  View Window Help

Heod ;@ Custom Design ;Q@L ]
| Untitled 7 P = B Augment Design

Definitive Screening r
| Classical ¥ | &7 | Screening Design
Design Diagnostics * 45}3— Response Surface Design
= Columns (1/0) Cl:nnslumer Studies *| & | Full Factorial Design
A Colurnn 1 Special Purpose 4 ‘J_,,_\‘ Mixture Design
41 | Taguchi Arrays

3. Enter the factors into the factor window. Select the role of the variable and the number of levels
and enter in the appropriate values

Page 11



STAT COE-Report-11-2020

A
LA
File Edit Tables Rows Cols DOE Analyze Graph Tools Add-Ins View Window Help
A |~ Mixture Design
<4 Responses
|Add Response v|| Remowve ||Nurr1ber of Responses...l
Response Name Goal Lower Limit Upper Limit Importance
Y |Maximize | | |
< Factors
Add Mixture
Remove Selected
MName Role Values
4l Polyethylene Mixture 0 1
4l Polystyrene Mixture 0 1
AT Vixture 0 1
Specify Factors
Specify desired number of factors. Double click on a factor name or setting
to edit it.
= O

4, Select “Continue”

5. JMP will provide a number of design options at this point. The optimal design, simplex centroid,

simplex lattice, extreme vertices, ABCD Design, and space filling design. This paper did not

discuss extreme vertices designs, but this design is used when not all of the ingredients can take

values from 0-1 (creating a unique design space). The ABCD designs are designs that include

axial runs. Inputs are required for several of the design choices. For this design, we are creating

a simplex lattice design with the number of levels being 2.
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A
S
File Edit Tables Rows Cols DOE Analyze Graph Tools Add-Ins View Window Help
4 =|Mixture Design
4 Responses
|Add Response v|| Remove ||Number of Responses... |
Response Name Goal Lower Limit Upper Limit Importance
¥ |Maximize | | |
4 Factors
MNarme Role Walues
4l Polyethylene Mixture 0 1

Mixture 0 1

4l Polystyrene
Pleohproylene Y 0 1

4 Linear Constraints

Add linear constraints on the relative proportions

of ingredients. Click once for each constraint.

5
m
[=1)
o
o
o
3
in
&
o
=3
El

Choose Mixture Design Type
Optimal Create a design tailored to meet specific requirements.
implex Centroid| Run each ingredient without mixing, then mix equal K
proportions of K ingredients at a time to the specified limit. 2
Simplex Lattice | Triangular grid, Number
Specify number of levels per factor:  of Levels
5
Extrerne Vertices | Find the vertices of the simplex. Then Degree
add the mid-points of the edges and 2

averages of vertices to the specified degree,
ABCD Design | A mixture design for factor screening.

Space Filling | A mixture design that spreads points Runs
throughout the design space, 30

Back

& O

6. Enter “2” into number of levels. This is the box where the image above currently has a “5”.
7. Select “Simplex Lattice”
8. JMP will output a Design. Select “Make Table”
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< Design
Run Polyethylene Polystyrene Polyproylene
1 0.00000 0.00000 1.00000
2 0.00000 0.50000 0.50000
3 0.00000 1.00000 0.00000
4 0.50000 0.00000 0.50000
3 0.50000 0.50000 0.00000
B 1.00000 0.00000 0.00000
Display and Modify Design
Output Options
Run Crder: Parinmiee .
Make IMP Tabkle from design plus
Mumber of Replicates: 0
\Make Table|| Back |

9. This will produce a single-run simplex lattice design. For this example, we will need to add the
additional runs for the replicates. Not all runs have the same number of replications so this will
need to be done manually. The final table should look as follows:

| -
- Polyethylene Polystyrene Polyproylene Y
1 0 0.5 0.5 10
2 ] 1 a 84
3 0.5 ] 0.5 17.7
4 05 0.5 a 15
5 1 a a 11
] ] a 1 16.8
7 0 0.5 0.5 a7
] ] 1 a 10
a 0.5 0 0.5 6.4
10 0.3 0.5 ] 14.53
11 1 0 0 12.4
12 0 ] 1 16
13 0 0.5 0.5 11.8
14 0.5 ] 0.5 16.6
15 05 0.5 a 16.1
10. To analyze the data select “Analyze -> Fit model”
AnalEe Graph Tools Add-lns V]
E=  Distribution
*x Fit¥byX
|
[ Tabulate
Fal  Teut Explorer
= Fit Model
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11. Select the “Y” variable and insert it into the “Y” window. Add the necessary factors that we wish
to estimate into the “Construct Model Effects” window. For this example, we wish to estimate
the main effects and the two factor interactions. Since we created this design using the Mixture
models window in JMP, the main effects are already included with the “Mixture” attribute.

| =m0 Fit Model - IMP Pro - U
| 4 =/ Model Specification
Select Columns Pick Role Variables Personality: | standard Least Squares
*[7 Columns ¥ AY .
A Polyethylene aptional Emphasis: | Effect Ei=s N
A Polystyrene
:ﬁol}fpro}flene ontional numeric
Hel R
4 Colurn 5 optional numeric | — | | an
A Column 6 S [] Keep dialeg open
A Column 7 el
W optiona

[}
[=]
3
o
=
a
=
[=]
o
o
&
m
o
i

Polyethylenef Mixture
Polystyrenef Mixture
Cross Polyproylenedl Mixture
Polyethylene*Polystyrene
Polyethylene®Polyproylens
Macros + Polystyrene*Polyproylene

Degree

Attributes =
Transform [»

Mo Intercept

o

m
L3 o

12. If the main effects were not already given the “Mixture” attribute, we could include this by
selecting the main effect -> selecting the red drop down next to attribute -> Selecting “Mixture
Effect”. This is necessary so that we fit the appropriate polynomial (discussed previously) for a
mixture design.

Construct Model Effects

Polyethylene

Polystyrenef Mixture

Cross Polyproyleneft Mixture

Ne Polyethylene*Polystyrene

Polyethylene*Polyproylene

Macros + Polystyrene*Pelyproylene
F=sF ¥ J

)
i1
[¥s]
bl
11
m

= I
o
= 3,
oo
g &
3 A

4

Random Effect

Mo Inte Response Surface Effect

LogVariance Effect

| Mixture Effect Specifies the term to be part of a
Excluded Effect mixture, whose terms sum to a
constant.

Knotted Spline Effect
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13. Select “Run”
14. The analysis will be completed. Several items that are of particular interest to us are the actual
by predicted plot and the parameter estimates. The actual by predicted plot helps us visualize

the accuracy of our model and displays an R-squared value that measures the percent of
variability captured by the model. The parameter estimates tell us important information about

each factor effect such as the estimate, the standard error, and the p-value.

Y Actual

Actual by Predicted Plot

Parameter Estimates

Term Estimate  Std Error t Ratio Prob>|t|
Polyethylene(Mixture) 1.7 0.603692 19.38 <.0001*
Polystyrene(Mixture) 94 0.603692 15.57 <.0001
Polyproylene(Mixture) 16.4 0.603692 27.17 <.0001
Polyethylene*Polystyrene 19 2.608249 7.28 <.0001
Polyethylene*Polyproylene 114 2.608249 437 0.0018 *
Polystyrene*Polyproylene -96 2.608249 -3.68 0.0051 *
18
Y Predicted RMSE=0.8537 RSq=0.95
PValue<.0001

Analysis of Variance
Sum of

Source DF Squares Mean Square F Ratio

Model 5 128.29600 25.6592 35.2032

Error 9 6.56000 0.7289 Prob > F

C. Total 14 134.85600 <.0001*

Tested against reduced model: Y=mean

The final model built is:

y(x) = 11-7xPolyethylene + 9-4’xPolystyrene + 16-4xPolyproylene + 19xPolyethylenexPolystyrene

If the goal of this experiment is to produce yarn with high elongation, the single-component blend that
produces the most optimal results is component 3. Components 1 and 2 and 1 and 3 have binary
synergistic effects. Component 2 and 3 result in the yarn having a lower average elongation value than

+ 11-4xPolyethylenexPolyproylene - 9-6xPolystyrenexPolyproylene

would be expected by averaging the elongation values of the yarn produced by a single-component

blend. If a binary blend is desired, we would conclude that we should combine component 1 with either

of the other components.
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